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Abstract
We study universal groups for right-angled buildings. Inspired by Simon Smith’s
work on universal groups for trees, we explicitly allow local groups that are not nec-
essarily finite nor transitive. We discuss various topological and algebraic properties
in this extended setting. In particular, we characterise when these groups are locally
compact, when they are abstractly simple, when they act primitively on residues of
the building, and we discuss some necessary and sufficient conditions for the groups
to be compactly generated.
We point out that there are unexpected aspects related to the geometry and the
diagram of these buildings that influence the topological and algebraic properties of
the corresponding universal groups.
Keywords. right-angled buildings, universal groups, locally compact groups, simple
groups.
MSC2020. 51E24, 22F50, 22D05.
1 Introduction
In a foundational paper in 2000, Marc Burger and Shahar Mozes introduced the notion of
a universal group acting on a regular locally finite tree, with a local action prescribed by
a fixed finite transitive permutation group [BM00]. When endowed with the permutation
topology, the universal groups give interesting examples of totally disconnected, locally
compact groups.
More precisely, let F ≤ Sym(X) be a permutation group on a finite set X and let
Td be a regular tree with valency d = |X|. The Burger–Mozes universal group U(F )
is defined to be the group of all automorphisms of Td having the property that around
every vertex v, the local action is given by a permutation in F .
Ghent University, jens.bossaert@ugent.be.
Ghent University, tom.demedts@ugent.be.
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Since then, the definitions and results have been generalised in various directions.
For example, it is rather straightforward to allow for two permutation groups F1 and F2
by following essentially the same construction using the biregular tree with the correct
valencies. Also, one can relax the finiteness condition on the two groups and allow
for permutation groups of infinite degree, although the topological properties of the
resulting universal groups become more subtle in this setting. Recently, Simon Smith
has used this approach to obtain the first construction of uncountably many pairwise
non-isomorphic simple topological groups that are totally disconnected, locally compact,
compactly generated, and non-discrete [Smi17].
Tom De Medts, Ana Silva and Koen Struyve pursued a different direction of gen-
eralisation and extended the notion of a universal group to locally finite right-angled
buildings [DMSS18, DMS19]. Right-angled buildings are geometric structures sharing
some essential properties with trees (so that the notion of a universal group is still mean-
ingful) while having a richer combinatorial structure. The resulting groups are, again,
totally disconnected and locally compact.
The goal of this paper is to unify both generalisations. We define universal groups
over right-angled buildings with local actions prescribed by arbitrary permutation groups
(not necessarily transitive nor of finite degree). We collect some results on the algebraic
and topological structure of these groups. In particular, we give precise characterisations
for when they are locally compact, abstractly simple, or for when they act primitively on
residues of the building. We also discuss necessary and sufficient conditions for when the
universal groups are compactly generated. Interestingly, a couple of these properties not
only depend on properties of the local groups, but also on the combinatorial structure
of the diagram of the building.
Some results required new purely geometric arguments or constructions using right-
angled buildings. In particular, we want to highlight Lemma 4.3, in which we argue that
any finite number of chambers in a right-angled building is contained in a finite convex
subset, and Proposition 5.1, in which we introduce a controlled way of “imploding”
right-angled buildings (in a very different way than a projection map does).
Outline of the paper. In section 2, we assemble the required preliminary definitions
and results about topological groups, right-angled buildings and universal groups. In
section 3, we collect some properties about the universal groups of right-angled buildings
that do not require much more than extending earlier ideas to our new setting, and
the results we obtain are natural and perhaps not very surprising. In particular, we
characterise local compactness (Proposition 3.8), compact generation of panel stabilisers
(Proposition 3.9) and discreteness (Proposition 3.10).
In section 4, we deal with the more delicate problem of characterising compact gen-
eration. Our main result in this section is Theorem 4.7, providing a sufficient condition
for compact generation. The converse is more delicate: the general case is left as a
conjecture, but we discuss it thoroughly in the rest of this section.
Section 5 deals with the simplicity of the universal groups. We obtain a complete
characterisation in Theorem 5.6. The simplicity depends in an interesting way on the
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interplay between the diagram and the prescribed local actions. The proof relies on the
new concept of implosion that we have mentioned above; see, in particular, Proposi-
tion 5.3.
In section 6, finally, we investigate when the induced action on the set of residues of
a given type is primitive. We provide a complete answer to this question in Theorem 6.6.
Once again, this depends non-trivially on the diagram of the right-angled building.
2 Preliminaries, notation, terminology
2.1 Topological groups
Definition 2.1 (permutation topology). Consider a permutation group G ≤ Sym(X).
We give G the structure of a topological group by taking as a neighbourhood basis of
the identity the set of pointwise stabilisers of finite subsets of X.
If we interpret X as a discrete topological space and elements of G as maps X → X,
then the permutation topology on G ≤ Sym(X) agrees with the topology of pointwise
convergence.
Since we will frequently deal with pointwise and setwise stabilisers, it is desirable
to fix a clear notation. For a group G acting on a set X, we will denote the pointwise
stabiliser of some subset Y ⊆ X as
G(Y ) = {g ∈ G | g.y = y for all y ∈ Y },
and the setwise stabiliser as
G{Y } = {g ∈ G | g.y ∈ Y for all y ∈ Y }.
Whenever Y = {y}, we will simply write the stabiliser as Gy since both notions obviously
agree. However, in order to avoid potential confusion, we will never use an abbreviated
notation like GY when Y is not a singleton.
For a good overview of the interplay between permutational and topological proper-
ties of permutation groups, we refer the reader to [Mo¨l10] or [Woe91]. In particular, we
will make frequent use of the following facts.
Proposition 2.2. Let G ≤ Sym(X) be endowed with the permutation topology.
(i) G is always Hausdorff and totally disconnected.
(ii) G is open if and only if G contains the pointwise stabiliser of a finite subset of X.
(iii) G is closed if and only if some point stabiliser is closed, which holds if and only if
all point stabilisers are closed.
(iv) G is discrete if and only if X contains a finite subset with trivial pointwise sta-
biliser.
(v) G is compact if and only if G is closed and all orbits of G are finite.
(vi) If G is closed, then G is locally compact if and only if X contains a finite subset
with compact pointwise stabiliser.
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2.2 Buildings
We will follow the combinatorial approach to buildings and assume familiarity with most
of the basic notions of building theory. Unless explicitly mentioned otherwise, we adopt
the definitions and notations from the books [Ron09] by Mark Ronan and [Wei03] by
Richard Weiss.
From now on, ∆ will always denote a building of type M = (mij) over a finite index
set I. Recall that the rank of ∆ is by definition the cardinality of I. We view ∆ as a
chamber system, so we will draw chambers as vertices and connect i-adjacent chambers
by edges labelled i. We write i-adjacency as ∼i (or simply as ∼ when the type i is
irrelevant). A gallery is a path of consecutive chambers
c0 ∼i1 c1 ∼i2 · · · ∼ik ck
and its type is the sequence (i1, i2, . . . , ik). For a subset J ⊆ I, a J-residue is a maximal
subset of chambers of ∆ that can be connected by some gallery whose type contains only
elements in J . An {i}-residue is simply called an i-panel and is then a maximal subset
of pairwise i-connected chambers. We will usually denote a panel or a residue by P or
R, respectively. The set of all J-residues of ∆ will be denoted by ResJ(∆). We usually
identify the building and its residues with the sets of their chambers.
A (type-preserving) automorphism of ∆ is a bijective map on the chamber set that
preserves i-adjacency for all i ∈ I. We denote the group of all automorphisms by Aut(∆).
For basic results about residues and for related notions (such as minimal galleries,
elementary homotopies, projections, and convexity), we refer to [Ron09] or [Wei03].
Definition 2.3 (right-angled). The building ∆ is called right-angled if either mij = 2
or mij =∞ for all distinct i, j ∈ I, or in other words, if the Coxeter diagram of ∆ only
has edges labelled ∞.
In particular, a tree T can be seen as a right-angled building of rank 2: the chambers
are the edges of T , and the two types of adjacency are defined by sharing a vertex in one
of the two bipartition classes. A vertex of T then corresponds to a panel of the building.
Note that this structure, viewed as a chamber system, would actually be drawn as the
line graph of T .
Definition 2.4 (semiregular). The building ∆ is semiregular with parameters (qi)i∈I if
all i-panels have the same (possibly infinite) cardinality qi ≥ 2.
In sharp contrast with the case of spherical buildings, semiregular right-angled build-
ings have essentially no restrictions on their parameters. The following theorem is due
to Fre´de´ric Haglund and Fre´de´ric Paulin.
Theorem 2.5 (Haglund–Paulin). For any choice of (possibly infinite) cardinal num-
bers (qi)i∈I with each qi ≥ 2, there exists a semiregular right-angled building with these
parameters. Moreover, this building is unique up to isomorphism.
Proof. See [HP03, Proposition 1.2].
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We will mostly focus on irreducible buildings.
Definition 2.6 (irreducible). The building ∆ is called reducible if the index set I is
a disjoint union of two non-empty subsets I = I1 ⊔ I2 such that mi1i2 = 2 for every
i1 ∈ I1 and every i2 ∈ I2. It is called irreducible otherwise. In other words, a building is
irreducible if its Coxeter diagram is connected (as a graph).
Notice that a reducible building can be decomposed as a direct product ∆ ∼= ∆1×∆2
where ∆1 and ∆2 are right-angled buildings of type I1 and I2, respectively.
An important combinatorial property of right-angled buildings is the following lemma,
that in certain circumstances allows us to “complete squares” in the building.
Lemma 2.7 (closing squares). Let c0 be a fixed chamber in a right-angled building ∆.
(i) Let c, d1, d2 ∈ ∆ be such that dist(c0, c) = n + 1, dist(c0, d1) = dist(c0, d2) = n,
and d1 ∼i c ∼j d2 for some i 6= j ∈ I. Then mij = 2 and there exists a chamber e
such that dist(c0, e) = n− 1 and d1 ∼j e ∼i d2.
(ii) Let c1, c2, d1 ∈ ∆ be such that dist(c0, c1) = dist(c0, c2) = n + 1, dist(c0, d1) = n
and d1 ∼i c1 ∼j c2 for some i 6= j ∈ I. Then mij = 2 and there exists a chamber d2
such that dist(c0, d2) = n and d1 ∼j d2 ∼i c2.
c0
n− 1
e
n
d1
d2
n+ 1
cj i
ji
c0
n
d1
d2
n+ 1
c1
c2
i
j
i
j
Proof. We refer to Lemma 2.9 and Lemma 2.10 in [DMSS18].
Finally, for some more technical lemmas (Lemma 3.4, Proposition 3.5, Lemma 6.5)
we will need the notion of parallelism of panels from [Cap14]. We recall some definitions
and crucial results. Note that [Cap14] considers parallelism in a more general sense, for
arbitrary residues; for our purposes, parallelism of panels will suffice.
Definition 2.8 (parallelism). Panels P1 and P2 are called parallel if projP1(P2) = P1
and projP2(P1) = P2.
Definition 2.9. For k ∈ I, we define k⊥ = {i ∈ I | ik = ki} = {i ∈ I | mik = 2}.
Proposition 2.10. Let P and P ′ be two panels.
(i) If two chambers of P ′ have distinct projections on P, then P and P ′ are parallel.
(ii) Let k be the type of P. Then P ′ is parallel to P if and only if P ′ is of type k and
P and P ′ are contained in a common residue of type k ∪ k⊥.
In particular, parallel panels have the same type.
Proof. Property (i) is [Cap14, Proposition 2.5], (ii) is [Cap14, Proposition 2.8].
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2.3 Universal groups
In order to keep track of the local actions, we introduce the notion of a coloured building.
In what follows, let ∆ be a semiregular right-angled building with parameters (qi)i∈I .
Definition 2.11 (colourings). For every i ∈ I, let Xi be a set of i-colours (or i-labels)
such that |Xi| = qi. A legal colouring of ∆ is a map
λ : ∆→
∏
i∈I
Xi : c 7→
(
λ1(c), . . . , λn(c)
)
satisfying the following properties for every i ∈ I and for every i-panel P:
(i) the restriction λi|P : P → Xi is a bijection;
(ii) for every j 6= i, the restriction λj|P : P → Xj is constant.
The following result is basic but important.
Proposition 2.12. Let λ and λ′ be two different legal colourings of ∆. Let c and c′ be
two chambers such that λ(c) = λ′(c′). Then there exists an automorphism g ∈ Aut(∆)
such that g.c = c′ and λ′ = λ ◦ g.
Proof. We refer to [DMSS18, Proposition 2.44].
Using colourings we now come to the definitions of local actions and universal groups.
Definition 2.13 (local action). Let λ be a legal colouring of ∆. Consider an i-panel P
and a building automorphism g ∈ Aut(∆). The local action of g at P is the map
σλ(g,P) = λi|g.P ◦ g|P ◦ λi|
−1
P
which is an element of Sym(Xi) by definition of λ.
Definition 2.14 (universal group). For each i ∈ I, let Fi ≤ Sym(Xi). Let ∆ be a
semiregular right-angled building with parameters qi = |Xi|. Fix a legal colouring λ of
∆. We define the universal group of ∆ w.r.t. the groups {Fi}i∈I as
Uλ∆({Fi}i∈I) = {g ∈ Aut(∆) | σλ(g,P) ∈ Fi for every i ∈ I and P ∈ Resi(∆)} ,
i.e., as the subgroup of all automorphisms that locally act like permutations in Fi. We
call the Fi the local groups. Note that we do not require the local groups to be transitive,
nor to have finite degree.
It is not hard to see that the local actions satisfy
σλ(gh,P) = σλ(g, h.P) · σλ(h,P) and σλ(g
−1,P) = σλ(g, g
−1 .P)−1
so it readily follows that every universal group is indeed a subgroup of Aut(∆). Moreover,
the choice of the legal colouring is not essential for the structure of the universal group,
in the following sense.
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Proposition 2.15. For different choices of legal colourings λ and λ′, the corresponding
universal groups Uλ∆({Fi}) and U
λ′
∆({Fi}) are conjugate in Aut(∆).
Proof. We refer to [DMSS18, Proposition 3.7 (i)].
When irrelevant or clear from the context we usually suppress the dependency on ∆
and the colouring λ in the notation, and abbreviate Uλ∆ as U and σλ as σ.
Definition 2.16. For each panel P, the panel group U|P is the subgroup of Sym(P)
induced by the action of the panel stabiliser U{P} on the chambers of P.
We conclude with a definition that will turn out to be convenient throughout this
article; see, in particular, Lemma 3.1 below.
Definition 2.17 (harmony). Let J and K be two disjoint subsets of I. We will call
K-residues R and R′ J-harmonious if for each j ∈ J , the two (well-defined) colours
λj(R) and λj(R
′) lie in the same orbit of Fj .
By slight abuse of notation, for J = {j}, we abbreviate {j}-harmony as j-harmony.
Moreover, for J = I \K, we abbreviate (I \K)-harmony simply as harmony.
In particular, for K = ∅, two chambers c and c′ are harmonious if for each i ∈ I, the
colours λi(c) and λi(c
′) lie in the same orbit of Fi.
3 Properties of the universal groups
As a first result, we can quite easily calculate the orbits of U on chambers and residues.
Lemma 3.1. Two residues lie in the same orbit of U if and only if they are harmonious.
In particular, two chambers c and c′ lie in the same orbit of U if and only if their colours
λi(c) and λi(c
′) lie in the same orbit of Fi for each i ∈ I.
Proof. First consider two harmonious J-residues R and R′. For each i /∈ J , let fi ∈ Fi
be a permutation such that fi .λi(R) = λi(R
′). For each i ∈ J , let fi ∈ Fi be the identity
on Xi. Define a “recolouring map”
φ :
∏
i∈I
Xi →
∏
i∈I
Xi :
(
x1, . . . , xn
)
7→
(
f1 .x1, . . . , fn .xn
)
.
Since φ uniformly permutes all colours, it is clear that φ ◦ λ is again a legal colouring.
Take any chamber c ∈ R and let c′ ∈ R′ be a chamber with the same J-colours. Then
λ(c) = (φ ◦ λ)(c′) and Proposition 2.12 provides a building automorphism g ∈ Aut(∆)
such that g.c = c′ and φ ◦ λ = λ ◦ g. In particular, g(R) = R′.
We claim that g ∈ U = Uλ({Fi}), so that R and R
′ will lie in the same orbit of U .
In order to show this, let i ∈ I and d ∈ ∆, and let P be the i-panel containing d. Then
σλ(g,P) = λi|g.P ◦ g|P ◦ λi|
−1
P = fi ◦ λi|P ◦ λi|
−1
P = fi ∈ Fi
using the fact that φ ◦ λ = λ ◦ g. Our claim is proved.
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Conversely, suppose that g.R = R′ for some g ∈ U and let i /∈ J . Let c be an
arbitrary chamber in R and let P be the i-panel containing c. Note that λi(R) = λi(c)
by definition of legal colourings. If we now define
fi = σλ(g,P) ∈ Fi,
then clearly
fi .λi(R) = fi .λi(c) =
(
λi|g.P ◦ g|P ◦ λi|
−1
P ◦ λi
)
(c) = λi(g.c) = λi(R
′).
Hence for each i /∈ J , the colours λi(R) and λi(R
′) lie in the same orbit of Fi.
We also have precise information about the panel groups.
Lemma 3.2. Let i ∈ I and let P be an i-panel. Then the panel group U|P ≤ Sym(P) is
permutationally isomorphic to Fi.
Proof. We refer to [DMSS18, Lemma 3.5].
In the terminology of [Cap14], the following lemma states that finite sets of chambers
are contained in wings, and moreover, we have control over the colour of the basepoint.
Lemma 3.3. Let Φ be a finite set of chambers, let i ∈ I and let x ∈ Xi be an i-colour.
Assume that the diagram of ∆ has no isolated nodes. Then there exists an i-panel P
such that projP(Φ) is a single chamber c in P with λi(c) = x.
Proof. Let j ∈ I be such that mij =∞ and let R be an arbitrary residue of type {i, j}
(which is a tree). The projection of Φ onto R defines a finite set of chambers Φ′ in R,
which can be enclosed by a ball B of finite diameter. Let P0 be any i-panel in R \B.
Since R is a tree, the projection projP0(Φ
′) is just a single chamber c0. If λi(c0) = x,
then we let c = c0. If λi(c0) 6= x, then let c be any chamber j-adjacent to the (unique)
chamber in P0 with i-colour x. In both cases, λi(c) = x.
Let P be the i-panel containing c; we claim that projP(Φ) = {c}. Let d ∈ Φ and let
γd be the type of a minimal gallery from d to its projection onto R. By definition of
projections γd cannot be homotopic to a word ending in i or j. Therefore the gallery of
type γd (ij)
k or γd j(ij)
k from d along projR(d) to c is minimal, and we conclude that
projP (d) = c.
Another key ingredient is Proposition 3.5 below, building further upon results by
Pierre-Emmanuel Caprace [Cap14, Proposition 4.2] and Tom De Medts, Ana Silva and
Koen Struyve [DMSS18, Proposition 3.15, Theorem 4.7]. The proposition allows to
extend local permutations to universal group elements in a controlled way.
Lemma 3.4. Let g be an automorphism of ∆ and let P and P ′ be two parallel k-panels.
Then the local actions σλ(g,P) and σλ(g,P
′) are identical permutations in Fk.
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Proof. By Proposition 2.10 (ii), P and P ′ are contained in a residue of type k∪k⊥. This
residue has a direct product structure P0 ×R0, where P0 is a k-panel and R0 a residue
of type k⊥. Consider any chamber c ∈ P. By this direct product structure, the unique
minimal gallery from c to projP ′(c) is contained in a residue of type k
⊥. In particular,
it follows that λk(c) = λk(projP ′(c)) for all c ∈ P. Moreover, as g is an automorphism,
g. projP ′(c) = projg.P ′(g.c) for all c ∈ P.
Now consider the k-colour λk(g.c). On the one hand, by definition of local actions,
λk(g.c) = σλ(g,P).λk(c).
On the other hand, using the projection onto P ′, we find that
λk(g.c) = λk(projg.P ′(g.c))
= λk(g. projP ′(c))
= σλ(g,P
′).λk(projP ′(c))
= σλ(g,P
′).λk(c).
Since this holds for all c ∈ P, we conclude that σλ(g,P) = σλ(g,P
′).
Note that we can bundle the information of Lemma 3.4 in a commutative diagram:
g.c g.c′
c c′
λk(g.c) λk(g.c
′)
λk(c) λk(c
′)
λk
projg.P′
λk
projP′
g
λk
g
σλ(g,P) σλ(g,P
′)
λk
Proposition 3.5. Let P0 be a k-panel, let f0 ∈ Fk, and let λ be a legal colouring of ∆.
Then there exists an automorphism g ∈ Uλ∆({Fi}) such that
(i) g stabilises P0,
(ii) the local action σλ(g,P0) is equal to f0,
(iii) g fixes all chambers c with the property that λk(projP0(c)) is fixed by f0.
Proof. First, for each i ∈ I and each pair (x, y) of i-colours in the same orbit of Fi, we
let ϕi(x, y) be a fixed element of Fi such that ϕi(x, y).x = y. When x = y, we explicitly
choose ϕi(x, y) equal to the identity permutation. We will construct the automorphism
g ∈ U({Fi}) in such a way that all the local actions equal either f0 or some ϕi(x, y), and
we do this by induction on the distance to the k-panel P0.
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For a chamber c such that dist(c,P0) = 0, i.e. c ∈ P0, let g.c be the unique chamber
in P0 such that λi(g.c) = f0 .λi(c). This guarantees that σλ(g,P0) = f0.
Next, let
Bn = {d ∈ ∆ | dist(d,P0) ≤ n}
be the “ball” centered in the panel P0 of radius n. Assume by induction that g is defined
on Bn, the local actions of g in Bn are either f0 or some ϕi(x, y), and for each d ∈ Bn,
the chamber g.d is harmonious to d. In order to extend g to Bn+1, let c be a chamber
such that dist(c,P0) = n+ 1. Define the set
D(c) = {d ∈ ∆ | dist(d,P0) = n and d ∼ c} ⊂ Bn.
Let m = |D(c)|. We consider two cases.
(i) If m ≥ 2, then we can invoke Lemma 2.7 to conclude that D(c)∪ {c} is contained
in an apartment A of a spherical residue of rank m, where A \ {c} ⊂ Bn. Hence,
the image g.c is determined by the image of A \ {c}.
(ii) If m = 1, then we have some freedom in defining g.c. Let d ∼i c be the unique
chamber in D(c) and consider the colours x = λi(d) and y = λi(g.d). By induction
hypothesis, x and y are in the same orbit of Fi. We now define g.c as the unique
chamber i-adjacent to g.d such that λi(g.c) = ϕi(x, y).λi(c).
This extends g to Bn+1. In both cases it should be clear that c and g.c are harmonious.
We now show in more detail that all local actions in Bn+1 are as we wanted, i.e. either
f0 or ϕi(x, y). Consider an arbitrary panel P of type i, completely contained in Bn+1.
We consider three cases.
(i) If P is contained in Bn, then σλ(g,P) is f0 or ϕi(x, y) by the induction hypothesis.
(ii) If P is not contained in Bn and there is a unique chamber d in P closest to P0,
then dist(d,P0) = n. Note that the number |D(c)| is constant for chambers c ∈ P
different from d. If |D(c)| = 1, then the local action σλ(g,P) is equal to ϕi(x, y)
with x = λi(d) and y = λi(g.d). If |D(c)| ≥ 2, then by Lemma 2.7, P is parallel
to a panel in Bn. The conclusion then follows from Lemma 3.4 and the induction
hypothesis.
(iii) Finally if P is not contained in Bn and there is no unique chamber in P closest
to P0, then P0 and P are parallel by Proposition 2.10 (i). It follows immediately
from Lemma 3.4 that σλ(g,P) = f0.
In conclusion, we can extend g to a automorphism of the whole building, such that all
local actions are either f0 or some ϕi(x, y), and in particular g ∈ U
λ
∆({Fi}).
It remains to show the desired property (iii) of this automorphism. Let c0 ∈ P0 be a
chamber that is fixed by g. To show that g fixes all chambers c such that c0 = projP0(c),
we will use induction on the distance dist(c, c0). For c = c0 there is nothing to show.
Now let dist(c, c0) = n+ 1 and assume that g fixes all chambers in D(c). If |D(c)| ≥ 2,
then also c is fixed by construction. If |D(c)| = 1, say D(c) = {d} with d ∼i c, then the
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local action of g on the i-panel containing c is by construction equal to ϕi(x, y), with
x = λi(d) and y = λi(g.d) = λi(d) = x. This local action is the identity, so g fixes not
only d but the whole i-panel. In any case we find that g fixes c, proving our claim.
The proof of the following lemma is completely similar to the proof of [Smi17,
Lemma 7] but it is worth repeating here in the setting of right-angled buildings.
Lemma 3.6. Let i ∈ I and P ∈ Resi(∆), and consider the map
σλ,P : Aut(∆)→ Sym(Xi) : g 7→ σλ(g,P).
Then σλ,P is continuous w.r.t. the permutation topologies on Aut(∆) and Sym(Xi).
Proof. We already know that σλ,P is surjective. Let W ⊆ SymXi be an open subset
and consider any g ∈ σ−1λ,P(W ) ⊆ Aut∆ in the preimage. Then σλ,P(g) is contained in
some open neighbourhood in W , i.e. in the coset σλ,P(g) · (SymXi)(Ψ) of the pointwise
stabiliser of some finite set Ψ ⊆ Xi. Next, let Φ be the finite set {c ∈ P | λi(c) ∈ Ψ}.
Note that for all h ∈ (Aut∆)(Φ) we have that
σλ(gh,P) = σλ(g, h.P) · σλ(h,P)
where h stabilises the panel P and σλ(h,P) fixes the set Ψ. It thus follows that
σλ,P
(
g · (Aut∆)(Φ)
)
⊆ σλ,P(g) · (SymXi)(Ψ) ⊆W,
hence g is contained in the open neighbourhood
g · (Aut∆)(Φ) ⊆ σ
−1
λ,P(W ).
Since g was arbitrary, the preimage σ−1λ,P(W ) is open.
Proposition 3.7. The following are equivalent:
(i) for each i ∈ I, the local group Fi is closed in Sym(Xi);
(ii) Uλ∆({Fi}) is closed in Aut(∆).
Proof. For the implication (i)⇒ (ii), we give a different proof from the one in [DMSS18]
that also works in the case where ∆ is not locally finite, following the ideas of [Smi17,
Lemma 14]. For each i ∈ I and P ∈ Resi(∆), we consider the map
σλ,P : Aut(∆)→ Sym(Xi) : g 7→ σλ(g,P),
which is continuous by Lemma 3.6. Our claim then follows from the observation that
Uλ∆({Fi}) =
⋂
i∈I
⋂
P∈Resi(∆)
σ−1λ,P(Fi).
We prove the implication (ii)⇒ (i) by contraposition, so assume that Fi is not closed for
some i ∈ I. Recall that the permutation topology agrees with the topology of pointwise
11
convergence, and let (fn)n∈N be a sequence of elements of Fi such that lim fn = f exists
but f /∈ Fi. Let P be an i-residue. For every n ∈ N, let gn be the automorphism of ∆
given by extending fn as in Proposition 3.5. As long as we use the same permutations
ϕi(x, y) in the proof of Proposition 3.5 for different n, the sequence (gn)n∈N converges to
an automorphism g that stabilises P with σλ(g,P) = f , hence g = lim gn /∈ U
λ
∆({Fi}).
This shows that Uλ∆({Fi}) is not closed in Aut(∆).
Proposition 3.8 (local compactness). Assume that all Fi are closed in Sym(Xi). Then
the following are equivalent:
(i) every point stabiliser in every Fi is compact;
(ii) every chamber stabiliser in U({Fi}) is compact;
(iii) U({Fi}) is a locally compact topological group.
Proof. Since all Fi are closed, U({Fi}) is closed by Proposition 3.7. Its point stabilisers
are open subgroups and hence closed as well.
For the implication (i) ⇒ (ii), consider an arbitrary chamber c. We need to show
that the stabiliser U c has only finite orbits. Take a second chamber d and let
c = c0 ∼ c1 ∼ c2 ∼ · · · ∼ ck−1 ∼ ck = d
be a minimal gallery from c to d. Then
∣∣U c .d∣∣ is at most
∣∣U c0 .c1
∣∣ · ∣∣U{c0,c1} .c2
∣∣ · · · ∣∣U{c0,...,ck−1} .ck
∣∣ ≤ ∣∣U c0 .c1
∣∣ · ∣∣U c1 .c2
∣∣ · · · ∣∣U ck−1 .ck
∣∣.
Since the local action of every point stabiliser in the latter product is permutationally
isomorphic to a point stabiliser in some Fi, and the Fi are compact, all these factors are
finite.
The implication (ii) ⇒ (iii) is obvious.
Finally we show the implication (iii) ⇒ (i). By local compactness of the universal
group we can find a finite set of chambers Φ whose pointwise stabiliser in U({Fi}) is
compact. Thus, every orbit of U (Φ) is finite.
Pick any index i and any i-colour x ∈ Xi. Then by Lemma 3.3, there exists an i-panel
P such that projP(Φ) equals a single chamber c with λi(c) = x. From Proposition 3.5
it follows that Xi cannot contain orbits of (Fi)x of infinite size, since otherwise the
corresponding chambers in P would lie in an infinite orbit of U (Φ). Thus, every point
stabiliser in every local group Fi is compact.
Proposition 3.9 (compact generation of panel stabilisers). Assume that U({Fi}) is
locally compact. Then, for each j ∈ I, the following are equivalent:
(i) the local group Fj is compactly generated;
(ii) the setwise stabiliser in U({Fi}) of a j-panel is compactly generated.
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Proof. Let P be a j-panel and c a chamber in P. Consider the isomorphism ϕ mapping
U|P to Fj from Lemma 3.2. Clearly ϕ maps the subgroup U c|P to the point stabiliser
(Fj)x where x = λj(c); note that (Fj)x is compact by assumption.
We will first show that (ii) ⇒ (i). So assume that U{P} = 〈Q〉 with Q a compact
subset of U . Then the union of cosets
⋃
q∈Q q U c is an open cover of Q; by compactness,
there is some finite subcover with representatives {q1, . . . , qk} ⊆ Q. It follows that
U{P} = 〈q1, . . . , qk,U c〉. Then
Fj = 〈ϕ(q1|P), . . . , ϕ(qk|P ), (Fj)x〉,
which shows that Fj is compactly generated.
Next, we show that (i) ⇒ (ii). So assume that Fj = 〈Q〉 with Q a compact subset of
Fj . Again, we find, by compactness, that Fj = 〈q1, . . . , qk, (Fj)x〉 with {q1, . . . , qk} ⊆ Q.
For each 1 ≤ i ≤ k, let hi be any extension of the element ϕ
−1(qi) ∈ U|P defined on
the whole building, i.e., let hi ∈ U{P} be such that ϕ(hi|P) = qi. Now consider the
compactly generated subgroup
H = 〈h1, . . . , hk,U c〉 ≤ U{P} .
We claim that, in fact, H = U{P}. Indeed, for each g ∈ U{P}, there is some h ∈ H with
g.c = h.c. But then h−1g ∈ U c so that g ∈ H as claimed.
Proposition 3.10 (discreteness). The following are equivalent:
(i) each Fi acts freely on Xi;
(ii) U({Fi}) acts freely on ∆;
(iii) U({Fi}) is a discrete topological group.
Proof. For the implication (i)⇒ (ii), suppose that all Fi act freely and that g ∈ U({Fi})
fixes some chamber c. Then for each i ∈ I, the local action of g at the i-panel containing c
is a permutation in Fi with a fixed point, and hence is the identity. It follows that every
panel containing c is fixed by g. By connectedness of the building, g is the identity.
The implication (ii) ⇒ (iii) is obvious.
We prove the final implication (iii) ⇒ (i) by contraposition. Suppose some Fj does
not act freely on Xj and let x ∈ Xj be a colour such that the stabiliser (Fj)x is non-
trivial. Consider any finite set of chambers Φ. By Lemma 3.3, there exists a j-panel
P such that projP(Φ) = {c}, with λj(c) = x. Let f ∈ (Fj)x be non-trivial. Then by
Proposition 3.5, this permutation f extends to a non-trivial element of the universal
group that stabilises Φ. Hence, no pointwise stabiliser of a finite set of chambers is
trivial.
Definition 3.11. For a permutation group F ≤ Sym(X), denote by F+ the subgroup
generated by all point stabilisers in F . Similarly, denote by U({Fi})
+ the subgroup of
the universal group U({Fi}) generated by all chamber stabilisers.
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Lemma 3.12. The local actions of U({Fi})
+ on the i-panels all lie in F+i .
Proof. Let c be a chamber in ∆ and let g ∈ U c. It suffices to show that the local action
σ(g,P) is a permutation in F+i (since then the same holds for products of stabilisers).
A proof follows by induction on the distance
dist(c,P) = min{dist(c, d) | d ∈ P}.
If dist(c,P) = 0, then c ∈ P and σ(g,P) ∈ Fi fixes λi(c). If dist(c,P) = n+ 1, let P
′ be
an adjacent i-panel at distance n from c. Let d′ and d be j-adjacent chambers in P and
P ′ respectively, for some j 6= i. We know that λi(d
′) = λi(d) and that
σ(g,P ′).λi(d
′) = λi(g.d
′) = λi(g.d) = σ(g,P).λi(d),
so that σ(g,P) = σ(g,P ′) · f for some permutation f ∈ Fi stabilising the colour λi(d).
Since σ(g,P ′) ∈ F+i by the induction hypothesis, we find that indeed σ(g,P) ∈ F
+
i .
4 Compact generation
In this section, we establish some necessary and sufficient conditions on the local groups
for a universal group U to be compactly generated. Again, we make no assumptions
regarding finiteness or transitivity of the local groups, but we do assume U to be locally
compact. We are grateful to Pierre-Emmanual Caprace for discussing this problem with
us and helping establish the rank 2 case, thereby suggesting a way to generalise to higher
rank.
We will need the following result, taken from [Mo¨l03].
Lemma 4.1 (good generating sets). Let G be a compactly generated totally disconnected
locally compact group. Let V be a compact open subgroup of G. Then there exists a finite
set T = {τ1, . . . , τn}, closed under inverses, such that G = 〈T 〉 ·V . The group V together
with the set T is called a good generating set of G.
Proof. See [Mo¨l03, Lemma 2].
In the following lemma, the fact that ∆ is right-angled is crucial; the result does not
at all hold for, say, spherical buildings.
Lemma 4.2. Let λ be a colouring of a right-angled building ∆ using colour sets Xi. For
each i ∈ I, let Yi ⊆ Xi be a subset of the i-colours such that |Yi| ≥ 2. Let c0 ∈ ∆ be any
chamber, and let Γ be the set of chambers of ∆ that are connected to c0 by a gallery that
only takes colours in the restricted sets Yi. Then Γ is a semiregular subbuilding with the
same type as ∆ and with parameters qi = |Yi|.
Proof. By [Wei03, Proposition 7.18] or [AB08, Theorem 4.66], it suffices to show that Γ
is convex. So consider an arbitrary gallery γ in Γ and a minimal gallery γ′ in ∆ such that
γ and γ′ are homotopic; we will show that also γ′ is contained in Γ. By [Ron09], we can
reduce γ to γ′ by elementary operations of two types, namely elementary contractions
and elementary homotopies. We will show that applying such an operation on a gallery
in Γ results in a gallery that is again contained in Γ.
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(i) (elementary contractions) If a gallery γ in Γ of type w · ii · w′ is contracted to a
gallery γ′ of type w · w′ or w · i · w′, then the chambers of γ′ form a subset of the
chambers of γ, so γ′ is again a gallery in Γ;
(ii) (elementary homotopies) If a gallery in Γ of type ij with mij = 2 is transformed
into a gallery of type ji, then this new gallery is again contained in Γ. Indeed,
whenever c ∼i d ∼j c
′ with c, d, c′ ∈ Γ and c ∼j d
′ ∼i c
′ with d′ ∈ ∆, we have
λi(d
′) = λi(c) and λj(d
′) = λj(c
′), so that d′ ∈ Γ.
c c′
d
d′
i j
j i
This shows that Γ is convex.
Lemma 4.3. Any finite set of chambers in a semiregular right-angled building ∆ is
contained in a finite convex set of chambers.
Proof. First, we prove that any n chambers {c1, . . . , cn} are contained in a semiregular
locally finite subbuilding of ∆. For n = 1, this is obvious. For n ≥ 2, we will make use
of a legal colouring λ of ∆. Join c1 to every chamber in {c2, . . . , cn} by an arbitrary
minimal gallery. Let Yi ⊆ Xi be the subset of all i-colours that occur as the i-colour of
some chamber on one of these newly added minimal galleries, and note that Yi is finite
(for every i ∈ I). Let Γ be the set of chambers of ∆ that are connected to c1 by a gallery
that only takes colours in the sets (Yi)i∈I .
By Lemma 4.2, Γ is a locally finite subbuilding of ∆ containing the chambers
{c1, . . . , cn}. In Γ, these chambers can be enclosed by a finite ball B of finite radius.
Moreover, as B is convex in Γ and Γ is convex in ∆, it follows that B is a finite convex
set in ∆ containing {c1, . . . , cn}.
Definition 4.4 (minimal actions). Let G act on a chamber system by automorphisms.
We say that G acts minimally if there are no non-trivial G-invariant convex subsystems.
It is not hard to see that universal groups act minimally on their associated buildings,
except in some very degenerate cases. This is the content of the following lemma.
Lemma 4.5. Let ∆ be a right-angled building such that the diagram does not have
isolated nodes. Then Uλ∆({Fi}) acts minimally on ∆.
In particular, this holds for irreducible right-angled buildings ∆ of rank at least 2.
Proof. Suppose that U stabilises some non-empty convex subsystem Γ of ∆. We will show
that Γ contains chambers attaining all possible colour combinations. By Lemma 3.1,
chambers with the same colour combination lie in the same orbit of U , hence it will then
follow that ∆ = Γ.
Let c ∈ Γ be an arbitrary chamber. Let i ∈ I and let x ∈ Xi be an arbitrary i-colour.
We will find a chamber d ∈ Γ such that λi(d) = x. If λi(c) = x, then we can simply
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take d = c. Otherwise, take j ∈ I such that mij =∞ (using irreducibility), and let d be
the chamber i-adjacent to c having i-colour equal to x. Next take any chamber c′ that
is j-adjacent to d, and let d′ be i-adjacent to c′ such that λi(d
′) = λi(c). Finally, let c
′′
be j-adjacent to d′ such that λj(c
′′) = λj(c).
c
d
c′
d′
c′′
i j i j
Since λ(c) = λ(c′′), this construction gives us that c′′ ∈ U .c, thus c′′ ∈ Γ. Moreover,
the gallery c ∼ d ∼ c′ ∼ d′ ∼ c′′ is minimal, hence by convexity, d ∈ Γ. It thus follows
that we find a chamber in Γ with i-colour x and with all j-colours identical to those of
the initial chamber c. By repeating this argument for each i, we can find chambers in Γ
with any possible colour combination.
Theorem 4.6. Assume that U({Fi}) is closed, locally compact, and compactly generated.
Then for each i ∈ I, the local group Fi has finitely many orbits.
Proof. Pick any chamber c ∈ ∆. Consider the chamber stabiliser U c which is a compact
open subgroup by Proposition 3.8. Let T = {τ1, . . . , τn} be a finite set as in Lemma 4.1,
so that T together with U c is a good generating set. By Lemma 4.3, we can find a finite
convex set B ⊆ ∆ containing {c, τ1 .c, . . . , τn .c}.
First, we claim that the set U .B is connected. Let g ∈ U and d ∈ B be arbitrary;
we will show that g.d is connected to c by some gallery contained in U .B. Write
g ∈ U = 〈T 〉 · U c as g = tk · · · t1 · s (with t1, . . . , tk ∈ T , s ∈ U c); we will use induction
on k. For k = 0, we simply have that g ∈ U c so that g.d is connected to g.c = c by a
gallery in g.B. For k ≥ 1, let g = tk · g
′. By the induction hypothesis, g′ .d is connected
to c by a gallery in U .B. It follows that g.d is connected to tk .c by a gallery in U .B,
and we can concatenate this gallery with one from tk .c to c contained in B. We conclude
that the set U .B is indeed connected.
Next, we claim that each orbit of Fi has a “representative chamber” in B, or more
precisely, we claim that for each i ∈ I, the map
λ˜i : B → Xi/Fi : c 7→ Fi .λi(c)
is surjective. In order to show this, suppose that some orbit Y of Fj is not in the image
of λ˜j for some j ∈ I. Call a chamber neglected if its j-colour is contained in the orbit Y .
By assumption, no chamber in B is neglected, and Lemma 3.1 implies that no chamber
in U .B is neglected. Let Γ be the set of all chambers of ∆ that are connected to U .B
by galleries that do not pass through neglected chambers. Then by Lemma 4.2, Γ is a
semiregular subbuilding of ∆ and by construction, Γ is U -invariant. This contradicts the
minimality of the action of U (see Lemma 4.5).
We conclude that for each i ∈ I, we have a surjective map λ˜i from a finite set B onto
the set of orbits of i-colours. Hence the local groups Fi have finitely many orbits.
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Theorem 4.7. Assume that U({Fi}) is closed and locally compact. Moreover, assume
that for each i ∈ I, the group Fi is compactly generated and has finitely many orbits.
Then the universal group U({Fi}) is compactly generated.
Proof. We will construct an explicit compact generating set Q. For each i ∈ I, we choose
a transversal Ti for the action of Fi on the colours Xi. By assumption, all Ti are finite.
Let c ∈ ∆ be a chamber such that λi(c) ∈ Ti for all i ∈ I. Define the ball
B˜ = {d ∈ ∆ | dist(c, d) ≤ |I|}
and the finite subset
B = {d ∈ B˜ | λi(d) ∈ Ti for all i ∈ I}.
Note that U .B = ∆ by Lemma 3.1 because each possible colour combination from
colours in the sets Ti occurs inside B. Next, we define
D˜ = {d ∈ ∆ | dist(c, d) = |I|+ 1 and d is adjacent to a chamber in B}
and the finite subset
D = {d ∈ D˜ | λi(d) ∈ Ti for all i ∈ I}.
For each pair (b, d) ∈ B × (B ∪D) of equally coloured chambers, pick an element t(b,d)
in U that maps b to d. Let T be the finite set of all such elements; note that D ⊆ T .B.
By assumption, all local groups are compactly generated, hence by Proposition 3.9,
all setwise panel stabilisers are compactly generated as well. For each panel P, let SP
be a compact generating set for U{P}; then define the compact set
S =
⋃
{SP | P is a panel containing a chamber in B}.
Finally, let Q = U c ∪ S ∪ T and observe that Q is compact. We claim that 〈Q〉 = U .
In order to prove this claim, we proceed in four steps.
Step 1. For each chamber d ∈ B˜, we have d ∈ 〈S〉.B.
We show this by induction on dist(c, d). If d = c there is nothing to show. Otherwise,
let d′ and i be such that d′ ∼i d and dist(c, d
′) = dist(c, d) − 1. Since d′ ∈ B˜, we can
write d′ = h.b′ for some h ∈ 〈S〉 and b′ ∈ B. Now let P be the i-panel that contains b′
and let b be the unique chamber of P such that λi(b) is the representative of the orbit
of λi(h
−1 .d). Then there is some s ∈ U{P} such that s.b = h
−1 .d, and we conclude that
indeed d = hs.b ∈ 〈S〉.B.
Step 2. For each chamber d ∈ D˜, we have d ∈ 〈S, T 〉.B.
By definition of D˜, the chamber d is i-adjacent to some chamber in B, for some i.
Let P be the i-panel containing d. Let d′ be the unique chamber in P such that λi(d
′)
is the representative of the orbit of λi(d). Then there are two possible cases. If d
′ ∈ B,
we can immediately set b = d′ and t = 1. Otherwise d′ ∈ D, and we can find some b ∈ B
and t ∈ T sending b to d′. Moreover, there exists some s ∈ U{P} sending d
′ to d, and we
conclude that d = st.b ∈ 〈S, T 〉.B.
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Step 3. For each chamber d ∈ ∆, we have d ∈ 〈S, T 〉.B.
We again use induction on dist(c, d). If d = c, there is nothing to show. Else, let d′
be a chamber such that d′ ∼i d and dist(c, d
′) = dist(c, d) − 1. By induction, d′ = h.b
for some h ∈ 〈S, T 〉 and some b ∈ B. Notice that dist(d, h.c) ≤ |I|+ 1. There are three
cases to consider.
(i) If d ∈ h.B, then there is nothing to prove.
(ii) If d /∈ h.B but d ∈ h.B˜, then h−1 .d ∈ B˜. From Step 1, we know that h−1 .d ∈
〈S〉.B, so that d ∈ h〈S〉.B.
(iii) If d /∈ h.B˜, then dist(d, h.c) = |I| + 1. Since h−1 .d is adjacent to b ∈ B, we have
h−1 .d ∈ D˜. From Step 2, we know that h−1 .d ∈ 〈S, T 〉.B, so that d ∈ h〈S, T 〉.B.
In each case, we find that d ∈ 〈S, T 〉.B and we conclude that 〈S, T 〉.B = ∆.
Step 4. 〈Q〉 = 〈S, T,U c〉 = U .
Let g ∈ U be arbitrary. From Step 3, we know that g.c = h.b for some h ∈ 〈S, T 〉 and
some b ∈ B. Note that the chambers b and c both lie in the same orbit of U and in B,
so by Lemma 3.1, they have the same colours. By definition of T , there is an element
t ∈ T mapping c to b. Putting everything together, we see that ht.c = h.b = g.c, from
which it follows that g ∈ ht · U c. In particular, g ∈ 〈Q〉.
The natural question is now whether the converse to Theorem 4.7 holds as well. We
established half of the converse in Theorem 4.6, but we have not yet found a complete
and general proof.
Conjecture 4.8. Assume that each local group Fi is closed, that U({Fi}) is locally
compact, and that U({Fi}) is compactly generated. Does it then follow that each Fi is
compactly generated?
If true, this would give a precise characterisation when a closed and locally compact
universal group is compactly generated: U({Fi}) is compactly generated if, and only if,
the local groups Fi are compactly generated and have finitely many orbits.
As a motivation we present some (affirmative) results for specific special cases. First
we assume some additional information about the subgroups F+i of the local groups Fi.
In the following proofs, we use the fact that every locally compact group is a directed
union of its compactly generated open subgroups; see [Cor16, Proposition 2.C.3 (1)].
Theorem 4.9. Assume that U({Fi}) is closed, locally compact, and compactly generated.
Moreover, assume that every F+i is compactly generated. Then the local groups Fi are
compactly generated.
Proof. For ease of notation, we fix one Fi = F and show that F is compactly generated.
Choose any chamber c ∈ ∆, let x = λi(c), and let H(0) be the stabiliser of x in F . Now
write F as a directed union
F =
−→⋃
k∈I
H(k)
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of compactly generated open subgroups, where 0 is the least element of the index set I.
For each k ∈ I, let K(k) be the subgroup of U generated by the chamber stabiliser U c
and by U(F1, . . . , Fi−1,H(k), Fi+1, . . . , Fn). Then U is the directed union
U =
−→⋃
k∈I
K(k).
By assumption U is compactly generated, say U = 〈Q〉 with Q compact. The collection
of subgroups {K(k) | k ∈ I} defines an open cover of Q. By compactness, if follows that
Q ⊆ K(k) for some k, i.e. U = K(k).
Now consider the local actions of U at the i-panels. By definition and by Lemma 3.2,
the local actions are given by the group F . On the other hand the local actions of
K(k) are generated by H(k) and the local actions of U c. Hence F = 〈H(k), F
+〉 (by
Lemma 3.12). As H(k) is compactly generated by construction and F
+ by assumption,
our conclusion follows.
Remark 4.10. It seems difficult to get rid of the assumption that the groups F+i are
compactly generated. As Derek Holt kindly pointed out ([Hol19]), this property does
not follow automatically from Theorem 4.6 and the other assumptions in Theorem 4.9.
More precisely, if F ≤ Sym(X) has finitely many orbits and all point stabilisers have
finite orbits, then F need not be generated by finitely many point stabilisers—not even
in the more restrictive setting where F = F+.
Consider the following counterexample. Let F = A ⋊ 〈t〉, where A is an infinite
abelian group of odd finite exponent, t2 = 1, and t−1at = a−1 for all a ∈ A. Let F act
by (left) translation on the set X of (left) cosets of 〈t〉 in F . Then F acts transitively
on X, every point stabiliser Fa〈t〉 = {1, a
2t} has order 2, and finally F = F+, but F is
not generated by a finite number of point stabilisers.
Endowed with the permutation topology F is totally disconnected, locally compact,
and has finitely many orbits, but F = F+ is not compactly generated. The question
remains whether or not F can occur as a local group of a compactly generated universal
group.
Furthermore, when ∆ is of rank 2 (i.e. a tree), we do not need assumptions on F+i .
One can show the following proposition using Bass–Serre theory.
Proposition 4.11. Let G be a compactly generated totally disconnected locally compact
group. Suppose that G acts discretely on a tree T without edge inversions, such that the
quotient graph G\T is finite and the edge stabilisers are compact open subgroups. Then
the vertex stabilizers are compactly generated.
Proof. This argument is due to Colin Reid ([Rei19]). Let v1, . . . , vk be representatives
for the vertices in the quotient graph. Let E be a set of representatives for the edges in
the quotient, and let E′ ⊆ E be a subset of edges representing a spanning tree in G\T .
Using Bass–Serre theory, we can write G in the form
G ∼=
Gv1 ∗ · · · ∗Gvk ∗ F (E)〈〈
e · αe(g) · e = αe(g) for g ∈ Ge, e · e for e ∈ E, e for e ∈ E
′
〉〉 ,
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where αe : Ge → Go(e) is the natural embedding of an edge group into the vertex group
of the origin of the edge.
Now fix a vertex v = v1. The subgroup 〈αe(Ge) | e ∈ E, o(e) = v〉 ≤ Gv is open and
compactly generated; denote this group by H(0). Now write Gv as a directed union
Gv =
−→⋃
i∈I
H(i)
of compactly generated open subgroups, where 0 is the least element of the index set I.
For each i ∈ I, let K(i) =
〈
H(i), Gv2 , . . . , Gvk , F (E)
〉
. Then G is the directed union
G =
−→⋃
i∈I
K(i).
By assumption G is compactly generated, say G = 〈Q〉 with Q compact. The collection
of (compactly generated and open) subgroups {K(i) | i ∈ I} defines an open cover of Q.
By compactness, if follows that Q ⊆ K(i) for some i ∈ I, i.e. G = K(i). More explicitly,
every g ∈ Gv is a product of elements in H(i) ∪ Gv2 ∪ · · · ∪Gvk ∪ F (E). By the normal
form theorem for graphs of groups ([Hig76]), we then conclude that g ∈ H(i), i.e. that
Gv = H(i) is compactly generated.
Corollary 4.12. Assume that U(F1, F2) is closed, locally compact, and compactly gen-
erated. Then also the local groups F1 and F2 are compactly generated.
Proof. This follows immediately from Proposition 4.11 using T = ∆ and G = U(F1, F2).
Note that the quotient graph G\T is finite by Theorem 4.6.
Remark 4.13. The similarity between the proofs of Theorem 4.9 and Proposition 4.11
is of course striking. Finding a suitable generalisation of the necessary Bass–Serre theory
and normal forms (e.g. using the theory of complexes of groups by Martin Bridson and
Andre´ Haefliger [BH13]) might be a way of settling Conjecture 4.8.
5 Simplicity
In [Smi17, Theorem 23], Simon Smith proved a simplicity result for universal groups in
rank 2 (i.e. for trees), in terms of the permutation properties of the two local groups. We
extend his result to right-angled buildings of higher rank, where also the combinatorial
properties of the diagram of ∆ will be of importance.
In this section, let U = U∆({Fi}) be the universal group and let U
+ be the subgroup
of U generated by all chamber stabilisers∗. U+ is a normal subgroup and hence a major
obstruction for the universal group to be simple. The primary goal in this section is to
∗Note that this notation differs from [Cap14] where the notation Aut(∆) is meant to also include non-
type-preserving automorphisms, and Aut(∆)+ denotes the subgroup of type-preserving automorphisms
of ∆. In this paper we only consider type-preserving automorphisms.
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characterise when U+ = U ; we can then follow the proof of [DMSS18, Theorem 3.25] to
characterise when U is (abstractly) simple.
First we need some results about implosions of right-angled buildings: we show that
we have a controlled way to “collapse” a coloured building by collapsing the colour sets.
Proposition 5.1. Let ∆ be a semiregular right-angled building over I and let λ be a
legal colouring of ∆ using the colour sets Xi (for i ∈ I). For every i ∈ I, consider an
equivalence relation ≡i on Xi, and let I
′ = {i ∈ I | ≡i is not the universal relation}.
Define the new semiregular right-angled building ∆′ over I ′, the diagram of which is
induced by the diagram of ∆, with parameters q′i = |Xi/≡i| (for every i ∈ I
′). Equip ∆′
with a legal colouring λ′ using the quotient set Xi/≡i as the set of i-colours.
Then there exists a surjective map τ : ∆ → ∆′ such that λ′i(τ(c)) = [λi(c)]i for all
chambers c ∈ ∆ and such that dist∆′(τ(c1), τ(c2)) ≤ dist∆(c1, c2) for all c1, c2 ∈ ∆.
Proof. Let c0 ∈ ∆, c
′
0 ∈ ∆
′ be two chambers such that λ′i(c
′
0) = [λi(c0)]i for all i ∈ I
′. We
construct τ by induction on the distance from c0, settling the induction base by declaring
τ(c0) = c
′
0. For c ∈ ∆ such that dist(c0, c) = n+1, let d be such that dist(c0, d) = n and
d ∼i c. If λi(c) ≡i λi(d) (in particular, if i /∈ I
′), then we set τ(c) = τ(d). Otherwise we
set τ(c) to be the unique chamber in ∆′ i-adjacent to τ(d) such that λ′i(τ(c)) = [λi(c)]i.
Since τ(c) a priori depends on the choice of d, we need to show that τ is well-defined.
In order to do so, suppose that both d1 and d2 satisfy dist(c0, d1) = n = dist(c0, d2) and
d1 ∼i c ∼j d2. By Lemma 2.7 (i), there exists a chamber e such that dist(c0, e) = n− 1
and d1 ∼j e ∼i d2. Since λi(e) = λi(d1), λi(d2) = λi(c), λj(e) = λj(d2), λj(d1) = λj(c),
the images of the paths e ∼ d1 ∼ c and e ∼ d2 ∼ c end up in the same chamber in ∆
′,
so τ(c) is indeed well-defined.
This extends τ to the whole of ∆, and by construction, we have λ′i(τ(c)) = [λi(c)]i
for all c ∈ ∆.
It is not hard to see that τ is surjective, since any gallery γ′ in ∆′ can be “lifted” to
a gallery γ in ∆ such that τ(γ) = γ′. Explicitly, let γ′ be a gallery
d′0 ∼i1 d
′
1 ∼i2 d
′
2 ∼i3 · · · ∼in d
′
n
in ∆′. For every 1 ≤ k ≤ n, let xk be a representative of the equivalence class λ
′
ik
(d′k).
Let d0 ∈ ∆ be any chamber such that τ(d0) = d
′
0, and, for every 1 ≤ k ≤ n, let dk ∈ ∆
be the unique chamber ik-adjacent to dk−1 such that the ik-colour of dk equals xk. Note
that the ik-colours of dk−1 and dk cannot be ik-equivalent, since then d
′
k−1 and d
′
k would
be the same chamber in ∆′; hence dk is well-defined. If we then let γ be the gallery
d0 ∼i1 d1 ∼i2 d2 ∼i3 · · · ∼in dn
in ∆, we clearly have τ(γ) = γ′. In particular we see that τ is surjective (using d′0 = c
′
0).
It remains to show that τ is nonexpansive, i.e. that dist∆′(τ(c1), τ(c2)) ≤ dist∆(c1, c2)
for all c1, c2 ∈ ∆. It suffices to show this for adjacent chambers, so assume that c1 ∼j c2.
We use induction on the distance to c0. If dist(c0, c1) 6= dist(c0, c2), then this is clear
(by the very definition of τ). Suppose that dist(c0, c1) = dist(c0, c2) = n+ 1 and let d1
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satisfy dist(c0, d1) = n and d1 ∼i c1. There are two possibilities. First, if i = j, then also
d1 ∼i c2 in ∆ and either τ(c1) = τ(c2) or τ(c1) ∼j τ(c2) in ∆
′. Second, if i 6= j, then by
Lemma 2.7 (ii) there exists a chamber d2 such that dist(c0, d2) = n and d1 ∼j d2 ∼i c2.
Since λi(c1) = λi(c2), λi(d1) = λi(d2), λj(c1) = λj(d1), λj(c2) = λj(d2), and since either
τ(d1) = τ(d2) or τ(d1) ∼j τ(d2), we see that either τ(c1) = τ(c2) or τ(c1) ∼j τ(c2) in ∆
′
as well.
Definition 5.2. We call (τ,∆′) the implosion of ∆ (with respect to the relations ≡i).
The following proposition shows why implosions are useful for understanding U+.
Proposition 5.3. For every i ∈ I, define ≡i by declaring i-colours to be equivalent if
and only if they are contained in the same orbit of Fi. Let (τ,∆
′) be the implosion of ∆
with respect to ≡i. Then the group U∆({Fi})
+ stabilises the fibres of τ .
Proof. Let g ∈ U({Fi}) stabilise some chamber c ∈ ∆ and consider any chamber d ∈ ∆
together with its image g.d. We show that τ(d) = τ(g.d) by induction on dist(c, d). The
base case with c = d is trivial, since g.c = c. If dist(c, d) = n+1, then let e ∈ ∆ be such
that dist(c, e) = n and e ∼i d (for some i ∈ I). We distinguish two cases.
(a) If λi(e) ≡i λi(d), i.e. e and d are harmonious, then g.e and g.d are harmonious as
well. As τ(d) = τ(e) by construction, τ(e) = τ(g.e) by the induction hypothesis,
and τ(g.e) = τ(g.d) again by construction, we may conclude that τ(d) = τ(g.d).
(b) If λi(e) 6≡i λi(d), then by construction,
• τ(d) is the unique chamber i-adjacent to τ(e) in ∆′ such that λ′i(τ(d)) equals
the orbit Fi .λi(d), and
• τ(g.d) is the unique chamber i-adjacent to τ(g.e) in ∆′ such that λ′i(τ(g.d))
equals the orbit of Fi .λi(g.d).
Now since τ(e) = τ(g.e) by the induction hypothesis, and since λi(d) and λi(g.d)
clearly lie in the same orbit of Fi, we conclude that also τ(d) = τ(g.d).
By induction, the fibres of τ are stabilised by U c and hence also by U
+.
Definition 5.4. We call a subset V ⊆ I a vertex cover of the diagram if for all i, j ∈ I
such that mij =∞ it holds that i ∈ V or j ∈ V (or both).
Note that this corresponds to the classical, graph-theoretical notion of a vertex cover
if one interprets the diagram as a graph in the natural way, by declaring vertices i, j ∈ I
to be adjacent if and only if mij =∞.
Theorem 5.5. The following are equivalent.
(i) U∆({Fi})
+ = U∆({Fi});
(ii) the local groups Fi are generated by point stabilisers for all i ∈ I, and transitive
for all i in some vertex cover of the diagram of ∆.
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Proof. First we show the implication (i) ⇒ (ii). If U+ = U , then every local action of U
on an i-panel is a permutation in F+i by Lemma 3.12. At the same time, Proposition 3.5
shows that every permutation in Fi can be realised as a local action at an i-panel. Hence
indeed Fi = F
+
i for all i ∈ I.
For the transitivity result, we use of the implosion τ : ∆ → ∆′ of Proposition 5.3.
Suppose by means of contradiction that the indices of the transitive local groups do not
define a vertex cover of the diagram of ∆, i.e. that there are intransitive local groups Fj
and Fk such that mjk =∞. Then ∆
′ is not spherical.
Let ⊳,◭ ∈ Xj be two colours in different orbits of Fj and ⊲,◮ ∈ Xk two colours in
different orbits of Fk. Consider an apartment A of a {j, k}-residue with colours only in
{⊳,◭} and {⊲,◮}, so that A looks as follows.
⊳⊲ ◭⊲ ◭◮ ⊳◮ ⊳⊲ ◭⊲
. . . . . .j k j k j
Now let c, d ∈ A be two chambers such that dist(c, d) = 4. Then c and d are harmonious,
hence they lie in the same orbit of U (Lemma 3.1). At the same time, τ maps adjacent
chambers in A to distinct adjacent chambers in a {j, k}-residue in ∆′. Hence τ(c) 6= τ(d),
and from Proposition 5.3 it follows that c and d do not lie in the same orbit of U+. Thus
U 6= U+ (in fact, this argument shows that U+ is not even of finite index in U).
For the converse (ii)⇒ (i), it is sufficient to show that U and U+ have identical orbits
on ∆ (since their chamber stabilisers agree). Let c, d be two chambers in the same orbit
of U , i.e. harmonious chambers. We will find an automorphism in U+ taking c to d.
First assume that c and d are contained in some spherical residue R of type J ⊂ I.
Recall that
UR({Fj}j∈J) ∼=
∏
j∈J
Fj .
Now, for every j ∈ J , there exists some permutation fj ∈ Fj such that λj(c) = fj .λj(d).
By assumption, fj ∈ Fj = F
+
j can be written as a product of permutations each of
which stabilises some j-colour. Extend these permutations from the j-panels containing
c to building automorphisms of ∆ using Proposition 3.5, and take their product over all
j ∈ J . This gives us an automorphism in U+ that stabilises R and that maps c to a
chamber with J-colours equal to those of d, i.e., to d itself.
Now consider the general case and let γ be a minimal gallery from c to d. We use
induction on the length n of γ; the case n = 0 is trivial and the case n = 1 follows from
the previous paragraph. For arbitrary n > 1, we have to consider two cases, depending
on the number of pairs of consecutive harmonious chambers on γ.
(a) If there are no such pairs, let Jγ be the set of all i ∈ I occurring in the type of γ.
Then for each i ∈ Jγ the local group Fi has at least two orbits (i.e. Fi is intransitive).
By the vertex cover assumption on the local groups, any two elements i, j ∈ Jγ
commute in the Coxeter group of ∆. Hence the residue of type Jγ containing γ is
spherical, and the conclusion follows from the paragraph above.
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(b) If there is at least one such pair (x, y), then using the induction base n = 1 we can
find an element g ∈ U+ such that g.x = y. Now let d′ = g−1 .d and note that a
minimal gallery from c to d′ has length at most n−1. By the induction hypothesis,
there is an element h ∈ U+ such that h.c = d′. Then gh ∈ U+ satisfies gh.c = d.
This finishes the proof.
Theorem 5.6 (simplicity). Let ∆ be a thick, semiregular, right-angled building of irre-
ducible type I, with rank |I| ≥ 2 and parameters (qi)i∈I . Let λ be a legal colouring of ∆.
For each i ∈ I, let Fi ≤ Sym(Xi). Then the universal group U
λ
∆({Fi}i∈I) is (abstractly)
simple if and only if the local groups Fi are generated by point stabilisers for all i ∈ I
and transitive for all i in some vertex cover of the diagram of ∆.
Proof. By Theorem 5.5, both conditions on Fi are necessary for U to coincide with U
+.
For the converse we can follow the proof of [DMSS18, Theorem 3.25] ad verbatim, since
the proof of this theorem (or the previous lemmata) does not require the building to be
locally finite; the proof essentially demonstrates that every non-trivial normal subgroup
of U contains U+ as a subgroup.
6 Primitivity
In this final section, we characterise when a universal group acts primitively on the set
of building residues of some fixed type. Our main result, Theorem 6.6, has been proved
by Simon Smith in the rank 2 case in [Smi17, Theorem 26 (ii)].
We will need Higman’s renowned primitivity criterion ([Hig67]). For convenience we
recall some definitions and state the criterion.
Definition 6.1 (orbitals). Let G be a group acting on a set X. This action induces an
action of G on X ×X by g.(x, y) = (g.x, g.y), whose orbits are called orbitals of G.
Definition 6.2 (orbital graphs). The orbital graph with respect to an orbital O is the
(directed) graph with vertex set X and edge set O ⊆ X ×X.
Suppose that G is transitive. There is one trivial or diagonal orbital {(x, x) | x ∈ X},
whose orbital graph simply has a loop at each vertex. No other orbital graph has loops.
Theorem 6.3 (Higman). Suppose that G acts transitively on some set X. Then G acts
primitively on X if and only if every non-diagonal orbital graph is (weakly) connected†.
Proof. See [Hig67, (1.12)].
We will also need the following folklore result.
†As opposed to strongly connected, a directed graph is weakly connected or simply connected if its
underlying undirected graph is connected.
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Lemma 6.4. Let G be a primitive, non-regular permutation group on X. Consider two
distinct elements x, y ∈ X. Then there exists a permutation g ∈ G such that g.x = x
but g.y 6= y.
Proof. Suppose (by means of contradiction) that Gx ⊆ Gy. Since G is primitive, Gx is a
maximal subgroup, hence Gx = Gy. Let g ∈ G be such that g.x = y; note that g 6∈ Gx
but that g normalises Gx. We can hence write
Gx < NG(Gx) E G.
Again, as Gx is maximal, it follows that Gx E G. But then all point stabilisers are equal
to Gx, so that Gx fixes all points of X, i.e., G is regular—a contradiction.
Lemma 6.5. Let I = J ⊔ {k} be a partition of the index set. Let R,R′ be two distinct
J-residues, c, d chambers in R, and c′, d′ chambers in R′, such that c ∼k c
′ and d ∼k d
′.
R R′
c k c
′
d′
k
d
Finally, let i ∈ J \ {k}⊥. Then λi(c) = λi(c
′) = λi(d) = λi(d
′).
Proof. Let P be the k-panel containing c and c′, and let P ′ be the k-panel containing
d and d′. From convexity of residues it follows that c = projP(d) and c
′ = projP(d
′).
Hence, by Proposition 2.10 (i), the panels P and P ′ are parallel. By Proposition 2.10 (ii),
c, d, c′, d′ are contained in a common residue of type k ∪ k⊥. Finally, since i /∈ k ∪ k⊥,
the i-colours of these chambers are identical.
Theorem 6.6 (primitivity). Let J ( I. The universal group U({Fi}) acts primitively
on the set ResJ(∆) of J-residues if and only if the following conditions hold:
(i) |I \ J | = 1, so that I = J ⊔ {k} for some k ∈ I,
(ii) Fk is primitive and non-regular,
(iii) Fi is transitive for all i ∈ I such that mik =∞.
Proof. We proceed in five steps.
Step 1. Condition (i) is necessary.
If |I \ J | ≥ 2, then J-residues are contained in (strictly bigger) maximal residues.
The maximal residues of a fixed type containing J partition the set of J-residues and
determine a block system of imprimitivity for the action of U .
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In the following steps we may assume that I = J ⊔ {k}. Define the graph Γ with
the set ResJ(∆) of J-residues as its vertex set, in which two J-residues are adjacent if
and only if they contain two k-adjacent chambers. Note that U acts in a natural way
on Γ by graph automorphisms. We will simply call J-residues adjacent when there are
adjacent in Γ.
Step 2. Assume that Fk is not primitive. Then U acts imprimitively on ResJ(∆).
Suppose that Fk acts imprimitively on the k-colours Xk and let ≈ be a non-trivial
equivalence relation on Xk invariant under Fk. Let P be any k-panel and lift ≈ to an
equivalence relation on the chambers of P in the obvious way, i.e., let c1 ≈ c2 in P if
and only if λk(c1) ≈ λk(c2) in Xk.
If qk = 2 (i.e., in the thin case), Fk ≤ Sym(2) being imprimitive means that Fk is
trivial. Hence the action of U on ResJ(∆) is not even transitive, let alone primitive.
If qk ≥ 3 (i.e., in the thick case), let c1, c2 and c3 be three chambers in P such that
λk(c1) ≈ λk(c2) 6≈ λk(c3). Let R1, R2 and R3 be the J-residues containing c1, c2 and
c3, respectively.
c1R1
c2
R2
c3
R3
Consider the orbital graph w.r.t. the orbital U .(R1,R2), and note that this graph is a
subgraph of Γ. We claim that R3 does not lie in the same connected component as R1
and R2 in this orbital graph, so that the imprimitivity of U on ResJ(∆) follows from
Higman’s theorem (Theorem 6.3). The easiest way to see this is by using the (well-
defined) k-colours of the residues: the action of U preserves whether or not the k-colours
of adjacent J-residues are equivalent (by Lemma 3.2 and invariance of ≈). It follows
that the connected component of R1 and R2 in the orbital graph contains only residues
with k-colour equivalent to λk(c1) and λk(c2), and in particular does not contain R3, as
claimed.
Step 3. Assume that Fk is regular. Then U acts imprimitively on ResJ(∆).
Suppose that Fk acts regularly on the k-colours Xk and consider any colour y ∈ Xk,
any residue R0 ∈ ResJ(∆) and any element g ∈ U . Let z ∈ Xk be the colour of g.R0.
By regularity, there is a unique element f ∈ Fk such that f .y = z. We show that
λk(g.R) = f .λk(R) for each J-residue R, using induction on the distance n to R0.
The base case n = 0 is trivial: by definition, λk(g.R0) = z = f .y = f .λk(R0).
Consider a J-residue R at distance n + 1 from R0 and let R
′ be a neighbour of R
in Γ at distance n from R0. Let x = λk(R) and x
′ = λk(R
′), and notice that by the
induction hypothesis, λk(g.R
′) = f .x′. Since g is a building automorphism, g.R is again
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adjacent to g.R′ in Γ. Let P be the k-panel containing the chambers in R and R′ that
are k-adjacent. The local action of g at P is a permutation of Fk and maps x
′ to f .x′,
so by regularity this local action has to be equal to f . Hence g.R has k-colour f .x, or
in other words λk(g.R) = f .λk(R).
Our claim now follows by induction, and implies that the sets
B(x) = {R ∈ ResJ(∆) | λk(R) = x}
of identically coloured residues are blocks of imprimitivity, as g.B(x) = B(f .x).
Step 4. Condition (iii) is necessary.
Suppose that Fi acts intransitively on Xi for some i ∈ I such that mik = ∞. From
Lemma 6.5 it follows that the k-panels induce well-defined i-colours on the edges of Γ.
Consider an arbitrary J-residue R1 and pick two i-adjacent chambers c ∼i d in R1
such that λi(c) and λi(d) lie in distinct orbits of Fi. Let R2 and R3 be two J-residues
containing a chamber that is k-adjacent to c and d, respectively.
R1
R2 R3
c d
Consider the orbital graph w.r.t. the orbital U .(R1,R2) (again a subgraph of Γ). We
claim that R3 does not lie in the same connected component as R1 and R2 in this orbital
graph. It suffices to note that the action of U on Γ preserves the Fi-orbit of an edge’s
i-colour. Hence the i-colours in every connected component of the orbital graph are
contained in a single orbit of Fi, and in particular is R3 not contained in the component
of R1 and R2 by construction.
Step 5. Assume conditions (i), (ii), (iii) fulfilled. Then U acts primitively on ResJ(∆).
Let ≈ be a non-trivial U -invariant equivalence relation on the set ResJ(∆) of J-
residues; we will show that this relation is universal. Consider two equivalent residues
R0 ≈ R, consider a shortest path from R0 to R in Γ and let R
′ be the J-residue adjacent
to R on this shortest path. Let c ∈ R and c′ ∈ R′ be k-adjacent chambers and let P be
the k-panel containing c and c′.
As Fk is primitive and non-regular, there exists a permutation f ∈ Fk fixing λk(c
′)
but not λk(c) by Lemma 6.4. By Proposition 3.5, f extends to an automorphism g ∈ U
stabilising P, fixing c′ but not c, and fixing all chambers d such that projP(d) = c
′. In
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particular, g fixes c0. Moreover g.c is k-adjacent to g.c
′ = c′.
R0 R
′
R
g.R
c0 c′
c
g.c
From U -invariance it follows that R ≈ R0 = g.R0 ≈ g.R, so we have constructed two
equivalent J-residues adjacent in Γ.
We now claim that all J-residues containing a chamber in P are equivalent. In order
to see this, consider the induced equivalence relation on the k-colours Xk, where we
define two colours to be equivalent if the J-residues of the chambers in P with those
k-colours are equivalent. This gives a non-trivial equivalence relation on Xk invariant
under Fk (by Proposition 3.5), which is universal by primitivity of Fk. Hence our claim
follows, and in particular, we find that R ≈ R′ ≈ g.R.
Next, we claim that all J-residues that are adjacent to R are equivalent to R. Let
R′′ be such a residue adjacent to R, and let d ∈ R be k-adjacent to a chamber in R′′.
Consider a minimal gallery γ from c to d in R; we will show that R ≈ R′′ by means of
induction on the gallery length n of γ. The case n = 0 is precisely the conclusion of the
previous paragraph. For a gallery γ of length n+ 1,
c = c0 ∼ c1 ∼ c2 ∼ · · · ∼ cn = d
′ ∼ cn+1 = d,
let i ∈ I be such that d′ ∼i d. There are two options.
R′′
R
c
d′ i
d
R′′
R
c
d′ i
i
d
(a) Ifmik =∞, then by transitivity of Fi there exists some permutation f ∈ Fi mapping
λi(d
′) to λi(d). We extend this permutation to an element g ∈ U mapping d
′ to d.
By the induction hypothesis, all J-residues containing a chamber k-adjacent to d′
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are equivalent to R, so it follows from U -invariance that all J-residues containing
a chamber k-adjacent to g.d′ = d are equivalent to g.R = R as well.
(b) If mik = 2, then all J-residues containing a chamber k-adjacent to d, contain a
chamber k-adjacent to d′ as well. Hence there is nothing to prove.
In conclusion, by induction, all J-residues adjacent to R are equivalent to R.
Repeating the previous arguments (or from another induction on the distance in Γ)
it follows that all J-residues are ≈-equivalent, so that ≈ is the universal relation. This
proves that U acts primitively on ResJ(∆).
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